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We theoretically study the optical tomography of the time evolved states generated by 
the evolution of different kinds of initial wave packets in a Kerr medium. Exact analytical 
expression for the optical tomogram of the quantum state at any instant during the evolution 
of a generic initial wave packet is derived in terms of Her mite polynomials. Time evolution 
of the optical tomogram is discussed for three kinds of initial states: a coherent state, an m- 
photon-added coherent state, and even and odd coherent states. We show the manifestation 
of revival and fractional revivals in the optical tomograms of the time evolved states. We 
find that the optical tomogram of the time evolved state at the instants of fractional revivals 
shows structures with sinusoidal strands. The number of sinusoidal strands in the optical 
tomogram of the time evolved state at /-sub-packet fractional revivals is l times the number 
of sinusoidal strands present in the optical tomogram of the initial state. We have also 
investigated the effect of decoherence on the optical tomograms of the states at the instants 
of fractional revivals for the initial states considered above. We consider amplitude decay and 
phase damping models of decoherence, and show the direct manifestations of decoherence in 
the optical tomogram. 


2 


INTRODUCTION 


Time evolution of an initial wave packet in a nonlinear medium can exhibit revival and frac¬ 
tional revivals at specific instants of time. The revival phenomenon has been investigated both 
theoretically and experimentally in a wide class of systems [1]. A revival of a well localized initial 
wave packet occurs when it evolves in time to a wave packet that reproduces the initial wave form. 
The characteristic time scale over which this phenomenon happens is called the revival time T rev . 
Within this characteristic time scale T rev , the wave packet may split into number of scaled copies 
of initial state at specific instants during the evolution. This is known as the fractional revival of 
the initial wave packets Q]. An /-sub-packet fractional revival occurs when the initial wave packet 
splits into superposition of l wave packets of the initial form. The revivals and fractional revival has 
been observed experimentally in a variety of quantum systems such as Rydberg atomic wave pack¬ 
ets, molecular vibrational states, Bose-Einstein condensates, and so forth [3-f|. Fractional revivals 
occurring in a nonlinear media can be used to generate various kinds of macroscopic superposition 
states of light. Such superposed states of light have potential applications in quantum optics and 
quantum information. Generation of discrete superposition of coherent states at fractional revival 
times in the process of wave packet propagation in a nonlinear media have been discussed in Q-Q- 
It has been shown that the superposed wave packets generated at fractional revival times, using an 
initial coherent state in a nonlinear medium, have application in quantum cloning \l\. Two and 
four superposition states generated at fractional revival instances are useful for implementing the 
one- and two-bit logic gates Qj. Recent experimental observation of multicomponent Schrodinger 
cat states using single-photon Kerr effect, opens up new directions for continuous variable quantum 


computation 


16] 


The signatures of fractional revivals in the time evolution of various physical quantities have 


been investigated theoretically 


1714231]. The experimental characterization of time evolved states 


in a nonlinear media is an important aspect in the study of revival and fractional revivals and it 
can be done by optical tomography, which is an efficient technique to measure and reconstruct the 


quantum state of optical fields 


241 ]. Optical tomography is based on one-to-one correspondence 


between the quasiprobability distribution and probability distribution of rotated quadrature phases 


of the field 


25]. The optical tomogram contains all the information about the system, and can 


serve as an alternative representation of the quantum system, apart from the conventional state 
vector or its density matrix representation in appropriate Hilbert space. Optical tomogram of a 
quantum state can be theoretically calculated using suitable transformations in symplectic tomo- 
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gram [261-32] of the quantum state. In fact, a new formulation of quantum mechanics in which the 
quantum states are described by tomographic probability distributions was suggested in [sjj. In 
experiments, a series of homodyne measurements of the rotated quadrature operator of the field 
are done on an ensemble of identically prepared systems. The quadrature histogram obtained by 
this method is called an optical tomogram. The first experimental observation of squeezed state 
of light, by measuring the quadrature amplitude distribution using the balanced homodyne detec¬ 
tion arrangement, has been done in [ 34 I. Thereafter, many nonclassical states of light have been 
characterized by optical homodyne tomography. A review of continuous-variable optical quantum 
state tomography, including a list of the optical quantum states characterized by the same, is given 


m 


Q. 


It is a usual practice in experiments to reconstruct the density matrix or the quasiprobability 
distributions of the system from the optical tomogram and study its nonclassical properties. The 
reconstructed quasiprobability distributions like, Wigner function, Husimi Q-function, etc, provides 
a convenient way to visualize the fractional revivals in phase space. Recently, the quantum state 
collapse and revival due to single-photon Kerr effect has been observed using a three-dimensional 
circuit quantum electrodynamic architecture, and the multicomponent Schodinger cat states gener¬ 
ated at fractional revival times are visualized in phase space using the quasiprobability distributions 
reconstructed from the optical tomogram k|. It should be emphasized that no reconstruction 
process is perfect and the original errors of the experimental data can grow during the process of 
reconstruction. The physical properties of quantum states can be studied directly using optical 
tomogram and the tomographic approach can be used to estimate the errors in the histograms of 


experimentally obtained quadrature values 


361 ]. The macroscopic superposition states generated 


at the instants of fractional revivals are sensitive to interaction with its environment in an actual 
experimental settings, and this interaction can even destroy the states generated. Aim of this paper 
is two fold. Firstly, to find the signatures of revivals and fractional revivals directly in the optical 
tomogram, which in turn can help experimentalists to avoid the errors that can accumulate during 
the reconstruction process. Secondly, to study the effects of amplitude decay and phase damping 
models of decoherence on the optical tomogram of the states at the instants of fractional revivals. 
For this purpose, we consider a nonlinear medium, which models the wave packet propagation in a 
Kerr-like media js7, 3f| and the dynamics of Bose-Einstein condensates jgj]. This paper is organized 
as follows: In section m we give a brief review of the tomographic representation of a quantum 
system. In section inn we theoretically calculate the optical tomogram of the time evolved states in 
the nonlinear medium. Here we discuss the evolution of optical tomogram for three specific initial 
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states, which are, a coherent state, an m-photon-added coherent state, and even and odd coherent 
states. Section [IV| describes the effect of amplitude loss and phase noise on the optical tomograms 
of the states at the instants of fractional revivals. In section 0 we conclude the main results of 
this paper. 


II. TOMOGRAPHIC REPRESENTATION OF QUANTUM STATE 


Optical tomography of several nonclassical states of light have been theoretically investigated in 


the literature 


3914421]. A brief discussion about the calculation of optical tomogram of a quantum 


state, and the general properties of optical tomogram are given below. Consider the homodyne 
quadrature operator 


Xq — (ae l6 + a)e l6 


(1) 


where 9 is the phase of local oscillator in homodyne detection setup, and a and a t are the photon 
annihilation and creation operators of the single mode electromagnetic field, respectively. The 
phase of the local oscillator varies in the domain 0 < 9 < 2ty. The optical tomogram u ( Xq , 9) of a 


quantum state with density matrix p can be calculated by the following expression 

oj(X e ,9) = (X e: 9\p\X e ,9), 

where 

X e 2 




( 2 ) 


I Xg,9) = 


7r 


1 

T/I 


exp 


\e l2d a) 2 + V2e i0 X 0 a) 


is the eigenvector of the Hermitian operator Xq with eigenvalue Xq 
with wave vector |^), the expression in Eq. (ED can be rewritten as 

Lu(X 0 ,6) = \(Xe,e\?p)\ 2 . 


|0> 


431 ]. For a pure quantum state 

( 3 ) 


Normalization condition of the optical tomogram ui(Xg,6) is given by 

dXgu(X 9 ,e) = l. 


!■ 


( 4 ) 


The optical tomogram oj(Xq, 9) of a quantum state is non-negative and has the following symmetry 
property: 


uj(Xq,9 + 7t) = uj(-Xq,9). 


( 5 ) 


In subsequent sections, we use the Eq. ([2} to evaluate the optical tomogram of the quantum states 
generated by Kerr medium. 
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III. OPTICAL TOMOGRAPHY IN A NONLINEAR MEDIUM 


Consider the dynamics of a single-mode field governed by a nonlinear Hamiltonian 

H = n X o) 2 a 2 = n X N(N - 1), (6) 

where a and a t are the photon annihilation and creation operators, respectively. The eigenstates 
of the operator N — a^a are the Fock state |n), where n — 0,1, 2,... oo. The positive constant X 
merely sets the time scale in the problem. We choose the numerical value of X to be 5 throughout 
this paper. Consider a general initial wave packet 1^(0)), with its Fock state expansion 

oo 

w°)> = Cn i n > > ( ? ) 

71=0 

where C n are the Fock state expansion coefficients. The time evolution of the state is governed by 
the Schrodinger equation 




( 8 ) 


where U(t) = exp [—iHt/Ti] is the unitary time evolution operator. The time evolved state at time 
t can be written as 


|VV)> = J2 C ne- ixtn(n - 1) I n). 

71=0 


( 9 ) 


We theoretically calculate the optical tomogram of the time evolved state |^(t)), and look for the 
signatures of revival and fractional revival in the optical tomogram. Inserting Eq. ([9]) in Eq. m, 
we get the optical tomogram of the time evolved state \ip(t)) as 


u(x 0 ,e,t) = 


e~ x o 


7T 


E 

77=0 


C n e -iXto(n-!) 
\fn\ 2 n / 2 


e~ ine H n (X e ) 


( 10 ) 


where H n (-) denotes the Hermite polynomial of order n. Equation (ITO]) gives the time evolution 
of the optical tomogram for an initial wave packet |^(0)) in a nonlinear medium modelled by 
the Hamiltonian H. In subsequent subsections, we discuss the temporal evolution of the optical 
tomogram for three different kinds of initial states, namely, a coherent state, an m-photon-added 
coherent states, and even and odd coherent states. 


A. Evolution of coherent state 

Consider the evolution of an initial coherent state | a) in the nonlinear medium governed by the 
Hamiltonian in Eq. (|6j ). The Fock state expansion coefficient C n in Eq. © for the coherent state 
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FIG. 1. Time evolved optical tomogram uj a (Xo,Q,t) for an initial coherent state |a) at (a) t = 0, (b) 
t = T rev /2, (c) t = T rev /3, (d) t = T rev /4, (e) t = T rev /y/ 2 and (f) T rev , with field strength |o| 2 = 20. At 
/-sub-packet fractional revival time t = iv/lx, the optical tomogram of the state shows structures with l 
sinusoidal strands. The structures with sinusoidal strands are completely absent in the optical tomogram 
for the collapsed state at time t = T rev /\/2. 


is 


C n = e-H 


2 a 


\fn\ 


( 11 ) 


Let a = y \a\ 2 exp (id), where \a \ 2 is the mean number of photons in the coherent state \a) and 
5 is a real number. Without loosing generality, we fix 5 = 7t/4. Figure H](a) displays the optical 
tomogram of the coherent state | a) (at time t = 0), for which the optical tomogram is given by 


(X e ,0,t = 0) = 


1 


exp 


-(x e - y/ 2 \a\ cos(d — 9 


( 12 ) 


The maximum intensity of this optical tomogram 9,t = 0) is 1 /y^t, which occurs along the 


sinusoidal path, defined by Xq — y 2 \a\ cos (9 — S), in the Xq — 9 plane. Hence, the projection of 
the optical tomogram on to Xq — 9 plane is a structure with single sinusoidal strand. Along the 
AVaxis (0 = 0), the maximum intensity of the optical tomogram occurs at Xq = yj 2 |<a| 2 cosd. 

The optical tomogram of the state at any instant during the evolution of a coherent state | a) 
is calculated using Eq. m- 


Uj a (Xo,0,t) = 


; -H 2 e -x 2 


7V 


^ a n e -ixtn(n-l) 

L—— e 

n =0 


n 


! 2 n / 2 


9 H n (Xe) 


(13) 
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Now, we analyse the optical tomogram oj a (X$, 9 , t) at the instants of fractional revivals. In between 
t — 0 and t — T rev , for an initial coherent state, /-sub-packet fractional revivals occur at time 
t — 7vj/lx , where j = 1, 2 ,..., (l — 1) for a given value of /(> 1) with a condition that j and l are 
mutually prime integers. Without loss of generality, we take j — 1. The analysis shown below is 
true for any possible value of j. The interesting periodicity properties of the unitary time evolution 
operator U in Eq. (jEj) at the instants of /-sub-packet fractional revivals, that is, at times t = tt/Ix, 
enables us to write the time evolved state at these instants as 


= IVKv^x)) 

f(°) 

zEr=0 J r 


ae 


—i 2nr 


/l ) 


if l is odd 


(14) 


El=o/r (e) |ae- i7r(2r - 1)/z ) if l i 


is even, 


where 


/-l 




/c=0 

/-I 




exp 


Q. 


fc=0 


2nir 

1 k \ 

exp 

2irir 

1 k \ 

exp 


-jfc(fc-l) 


Z7T 

—-/c 


, and 


(15) 

(16) 


are the Fourier coefficients [13|]. Note that, each of the ket vectors in Eq. (d is a coherent state 
and hence, the state | ipi) is a superposition of l coherent states. At /-sub-packet fractional revival 

time t — 7r/Zy, the Eq. ([13j) can be simplified to get the optical tomogram of the state |^) as 

2 


ui a ( x e ,9,t = ir/lx) = 


1 


l -1 


E ■f'- 1 exp 


r=0 




\a\ 


a r,l e 129 


+ V2 a r jX e e- u 


, ( 17 ) 


where 


fr,l = 


r(o> 

r 

p(c) 


if l is odd 
if l is even 


and ay 5 / = 


a e z2?rr A if l i s odd 

a e -nr(2r-i)/l ^ ^ is even 


(18) 


Figures |T|(b) , H](c) and[U(d), show the optical tomograms of the state |^) for l — 2, 3, and 4, corre¬ 
sponding to the 2, 3, and 4-sub-packet fractional revivals of the initial coherent state, respectively. 
The value of field strength \a \ 2 used for plotting the tomograms in figures is 20. Figure [T^b) shows 
the optical tomogram of the state l^), which is superposition of the coherent states | ia) and | —ia) 
with weights (1 — i)/2 and (1 +i)/2 (Fourier expansion coefficients in Eq. (IT4]) h respectively. This 
optical tomogram of the state ^ 2 ) is a structure with two sinusoidal strands. Thus, a structure 
with two sinusoidal strands in the optical tomogram of the time evolved state for an initial co¬ 
herent state at T rev /2 is a signature of 2-sub-packet fractional revival. The quantum interference 
regions between the states | ia) and | —ia) are reflected in the optical tomogram of the state 1 ^ 2 ) at 
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locations in the Xq — 6 plane, where the two sinusoidal strands intersects, showing large oscillation 
in the optical tomogram. 

The optical tomogram of the state 1 ^ 3 ), which is a state at 3-sub-packet fractional revival, 
plotted in Fig. [l](c) displays a structure with three sinusoidal strands. Similarly, the optical to¬ 
mogram of the state l^/q), which is a state at 4-sub-packet fractional revival, plotted in Fig. [D(d) 
shows a structure with four sinusoidal strands. We repeated the analysis for higher order fractional 
revivals (Z > 4) and found the general result that the optical tomogram of the time evolved state 
at /-sub-packet fractional revival time shows a structure with Z sinusoidal strands. 

During the evolution of coherent state | <a), the wave packet may also show collapse at specific 


instants of time t = T rev /s , where s is any irrational number [l]. At the instant of collapse the 
state | i/j(t)) is not a finite superposition of coherent states. It has been shown that such collapsed 
states of the fields are of great importance because of its high nonclassical nature and can give large 
amount of entanglement when these states are split on a beam splitter with vacuum in the second 


input port 


441 ]. To study the nature of optical tomogram during the collapse of wave packet, we 


plot the optical tomogram in Eq. f[T3l) at collapse time t — T rev /-\/2. The optical tomogram at this 
instant is shown in Fig. [D(e). The sinusoidal strands are not visible in the optical tomogram for 
the collapsed state. Which implies that the optical tomogram of a collapsed state is qualitatively 
different from that of the state at the instants of fractional revivals. Figure [T|(f ) shows the revival 
of the initial state at t — T rev . We can conclude that signatures of revivals and fractional revivals 
are captured in the optical tomogram of the time evolved states. Optical tomogram at the instants 
of Z-sub-packet fractional revivals shows Z sinusoidal strands for an initial coherent state, which is 
having one strand in its optical tomogram. 


B. Evolution of ra-photon-added coherent state 


Here we consider the evolution of a nonclassical initial state, namely, an m-photon-added co¬ 
herent state |4E 


. v +m | v 

\OL,m) = N a , m a ] |a), 


(19) 


where N a ^ m is the normalization constant and m is the number of photons added to the coherent 
field | ck). One of the states of this family, namely, the 1-photon-added coherent state has been 
experimentally produced by parametric down conversion process in a nonlinear crystal and the 


Wigner distribution of the state is reconstructed from the optical tomogram 


46]. The Fock state 
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expansion coefficient C n in Eq. © for m-photon-added coherent state is 


C n = 


0 

e ~ M 2 /2 Q>n — m 

\/m!L m (-|a| 2 ) (n-m)! 


if n < m 
if n> m 


( 20 ) 


where L m is the Laguerre polynomial of order m. The optical tomogram for m-photon-added 
coherent state have been theoretically investigated in [ 4 ^]. The optical tomogram of 1-photon- 
added coherent state given in Fig. [2](a) displays a structure with single sinusoidal strand. It shows 
significant deviation of intensity along the sinusoidal strand, when it is compared with the optical 
tomogram of the coherent state given in Fig. Oja). It is observed that the variation of the intensity 
becomes more pronounced as the value of m increases. This is due to the increase in nonclassicality 
of the m-photon-added coherent state with increase in photon excitation number m [ 47 , 4$J. The 
maximum intensity of the optical tomogram of m-photon-added coherent state along the X^-axis 
occurs at Xq — ^/2 (N) m cos 5, where (N) m is the mean photon number in the m-photon-added 
coherent state | cqm). 

Time evolution of the initial m-photon-added coherent state under the Kerr Hamiltonian shows 
revival and fractional revival at the same instants as in the case of initial coherent state |49[ |. 


Substituting C n in Eq. CED, we get the time evolution of the optical tomogram for initial m- 
photon-added coherent state: 

2 


^a,m (Xq, 0,i) — 


o-\ot\ 


_ v2 

e x o 


m\L m (— |a| ) vtt 


E 


a 


i—m p —ixtn(n— 1) 


e~ ine H n (X e ) 


(n — mn) \ 2 n / 2 


( 21 ) 


In Figs. [21(b)- (e), we plot the optical tomograms ( Xq , 0, t) for the evolution of initial 1-photon- 
added coherent state at different instants. Since the effect of photon addition to the coherent 
state \a) is significant only for smaller field strengths, we choose \a\ 2 = 5 for the plots. Fourier 
expansion of the time evolved state |for an initial m-photon-added coherent state at /-sub- 
packet fractional revival time t = tt/Ix, can be written as 


4 m) ) = < 


Xt=o e 7,2nrm / l \ae ?27rr /*,m) if l is odd 

Xr=o |a e _ * 7r ^ 2r_1 )/ i , m) if l is even. 


( 22 ) 


Each of the ket vectors appearing in the right hand side of Eq. f[22l) is an m-photon-added coherent 
state, and the state is a superposition of l m-photon-added coherent state. The optical 

tomogram of the state for an initial 1-photon-added coherent state at 2 and 3-sub-packet 

fractional revivals are shown in Figs. Efb) and[2](c), respectively. The optical tomogram displays 
a structure with two sinusoidal strands at 2-sub-packet fractional revival, and is a structure with 
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FIG. 2. Time evolved optical tomogram (Xo,0,t) of the initial 1-photon added coherent state at (a) 
t = 0, (b) t = T rev /2, (c) t = T rev /3, (d) t = T rev /V% and (e) t = T rev , with field strength \a\ 2 = 5. At 
/-sub-packet fractional revival time t = 7r/Zy, the optical tomogram of the state shows a structure with Z 
sinusoidal strands. The structures with sinusoidal strands are completely absent in the optical tomogram 
for the collapsed state at time t = T rev / y/2. 


three sinusoidal strands at 3-sub-packet fractional revival. The two sinusoidal strands in the optical 
tomogram of the state corresponds to the superposition of the states \ia,l) and |— ia, 1). 

Similarly, the three sinusoidal strands in the optical tomogram of the state corresponds to 

the superposition of the states |<a, 1), |<ae _z27r / 3 , l) and \ae l27r / 3 ,l). We repeated the analysis for 
higher values of photon excitation m and for higher order fractional revivals (Z > 3) and found 
that at the instants of Z-sub-packet fractional revivals, the optical tomogram of the time evolved 
state for an initial m-photon-added coherent state displays a structure with Z sinusoidal strands. 
Figure Efd) shows the optical tomogram of the time evolved state for an initial 1-photon-added 
coherent state at collapse time t = T rev /\/2. In this case, optical tomogram does not show any 
sinusoidal strand. Again, like in the case of an initial coherent state, the optical tomogram of the 
time evolved state at time t — T rev shows the revival of the initial 1-photon-added coherent state. 
So far we have considered two types of initial states: coherent states and m-photon-added coherent 
states. These states are similar in the sense that both are single wave packet with a structure with 
single sinusoidal strand in their optical tomograms. This is the reason for showing same number of 
sinusoidal strands at the instants of fractional revivals for these two kinds of initial states. But they 
are completely different class of states because coherent states is a classical state and m-photon- 
added coherent state is nonclassical state. This difference is shown up in the intensity of sinusoidal 
strands in the optical tomogram. In the next section, we consider superposed wave packets, which 
are different from the initial states considered so far. 
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Evolution of even and odd coherent states 


Consider the evolution of even and odd coherent states [50], defined by 


0 , 


IV>(0 )) h = N h |«> + (-1)^ |-<*>] , 


(23) 


where h — 0 and 1, respectively. is an appropriate normalization constant. Fock state rep¬ 
resentation of even (odd) coherent state contains only the even (odd) photon excitations. The 
revival and fractional revivals during the evolution of initial even and odd coherent states in a Kerr 


media have been discussed in detail 


23]. It has been shown that 231], the time evolved state at 


t = kT rev / 4, where k = 1,2 and 3, is a rotated initial wave packet. Also, the /-sub-packet fractional 
revival occurs at t — jT rev /Al where j — 1, 2,..., (4 1 — 1) for a given value of /(> 1). Here j and 4/ 
are mutually prime integers. The Fock state expansion coefficient C n in Eq. © for the even and 
odd coherent states is given by 


C n = 2 Nfr e / 2 - S\ n-h ] n-h , 

Vn\ L 2 J’ 2 


(24) 


where 5 is Kronecker delta function, and [x] is integer part of x. The symplectic tomography of 


even and odd coherent states have been discussed in 


291 ]. Inserting the value of the coefficient C n 


in Eq. <nnD, we obtain the time evolved optical tomogram for initial even and odd coherent states: 

2 


. . 4iV, 2 e-l a l e~ x e 

u h ( X e ,0,t ) =- h - 


p -ixtn(n- 1) 

E n! 2 n /2 TO 

n =0 


(25) 


We focus on the evolution of an initial even coherent state |V 7 (0)) 0 , but our analysis can be done for 
an initial odd coherent state as well. Figure [3](a) shows the optical tomogram of the even coherent 
state with |<a| 2 = 20, which displays a structure with two sinusoidal strands. In Figs. [3](b)-(f), 
we plot the optical tomogram given in Eq. (l25l) at different instants during the evolution of the 
initial even coherent state {h = 0) in the medium. At the instants of rotated wave packets, the 
state is again a superposition of two coherent states. For example, at t — T rev /4 and T rev /2, the 
Figs. [3](c) and[3](d) shows the optical tomogram of rotated wave packets. Optical tomogram shows 
a structure with two sinusoidal strands, as expected. These tomograms are qualitatively different 
from the the optical tomogram shown in Fig. [3](a). The locations of the sinusoidal strands, where 
the maximum intensity of the optical tomogram along X^-axis occur, in these optical tomograms 
are shifted due to the phase space rotation of the quantum states during the evolution of initial 
even coherent state in the medium. 

Figure [3](b) shows the optical tomogram of the time evolved state at T rev /8, which corresponds 
to 2-sub-packet fractional revival. It displays a structure with four sinusoidal strands, which is a 
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FIG. 3. Time evolved optical tomogram ujq(Xq,0) of the initial even coherent state with field strength 
\a\ 2 = 20 at (a) t = 0, (b) t = T rev /8, (c) t = r rev /4, (d) t = T rev /2, (e) t = T rev /V2 , and (f) T rev , 
respectively. At the instants of /-sub-packet fractional revivals, the optical tomogram of the time evolved 
state of the initial even coherent state displays a structure with 2 l sinusoidal strands. 


signature of 2-sub-packet fractional revival for the initial even coherent state (Note that the optical 
tomogram of the initial even coherent state itself is a structure with two sinusoidal strands). Time 
evolved optical tomogram for initial even and odd coherent states are also analysed at higher order 
fractional revival times and we found that, at the instants of /-sub-packet fractional revivals, the 
optical tomogram of the time evolved state for the initial even and odd coherent state displays a 
structure with 21 sinusoidal strands. Figure [3fe) shows the optical tomogram of a collapsed state at 
time t — T rev /\/2, which again confirm our result that sinusoidal strands are absent in the optical 
tomogram of the collapsed state. The optical tomogram of the time evolved state at revival time 
is shown in Fig. [3](f). 


IV. EFFECT OF DECOHERENCE ON OPTICAL TOMOGRAM 


We have analyzed the optical tomograms of pure quantum states undergoing unitary evolution 
in the Kerr medium so far. But the real optical nonlinearities are noisy and suffers various kinds 
of losses. This leads to decoherence of the quantum states prepared in an experiment. Effect 
of decoherence on the time evolved states in a Kerr media has been theoretically studied using 
quasiprobability distributions [5l|, [52]. In this section, we study the effect of environment induced 



























13 


decoherence on the optical tomogram of the time evolved state |given in Eq. (|9j ) at the 
instants of fractional revivals for the different initial states 1^(0)) considered in the earlier section. 
Here we assume that the external environment consists of a collection of an infinite number of 
harmonic oscillators. Depending on the type of interaction between the single mode field and the 
environment, the decoherence of the quantum state can occur at least in two ways. First one is due 
to the photon absorption by the environment, also known as amplitude decay, and the second one 
is due to the phase damping. These two models are well-described by master equations. Consider 
the decoherence of the state \^(t)) starts at r = 0, and the density matrix of the state at r = 0 is 
given by 


p t {r = 0) = |W)) (W)I • 


(26) 


The evolution of this state under decoherence can be represented in Fock basis as 

OO 

Pt(r) = p tn y(T)\n) (n'\, 

n,n '=0 


(27) 


where the density matrix elements Pt n ,n'( T ) can be calculated using the ap 


tions which describe the amplitude decay and phase damping of the state 


Dropriate master equa- 


53j. The interaction with 


the external environment leaves the system in a mixed state, that is, the state given in Eq. (1271) is 
a mixed state for r > 0. 

The optical tomogram of the state pt(r), using Eq. ([2j), takes the form 


u(Xe,0,t;r) = ^ Pt n ,n'( T ) ( x e, 0\ n)(n' \X e , 0). 

n,n'=0 

The above expression for optical tomogram has been simplified to 

-X e 2 °° 


u{X 6 ,0,t-,T) ^ ftnX (r) 2(n+n , )/2 ^__ 


H n (Xo) H n f ( Xq ) 


n.n '=0 


where we have used the quadrature representation (Xq, 6\n) of the Fock state |n), 

1 e ~ Xf > 2 l 2 ■ a 

(X 0 ,e\ n) = —7 HJXg)e- ine . 

' 1 ; t rV 4 2 n / 2 V 


(28) 


(29) 


Evaluation of the optical tomogram uo (Xq, 0, r) given in Eq. (l29l) involves the calculation of 
Ptn,n' (j~ ), which depends on the decoherence model. Next we calculate Pt n ,n'( T ) f° r amplitude 
decay model and phase damping model. 
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A. Amplitude decay model 


In this model, the interaction of the single mode field (mode a) with the environment modes ej 
under rotating wave approximation can be described by the Hamiltonian 


Hamp — ^ ^ 6 , 


(30) 


where 7 is the coupling strength of the mode a with the environment. In the Born-Markov ap¬ 
proximation, the density matrix pt in the interaction picture obeys the zero temperature master 
equation: 


dpt ( 0 f f f 

a 1 — a 1 apt — pta ] a 




)■ 


( 31 ) 


The matrix elements of pt for an arbitrary initial state pt(r — 0) is calculated in the Fock basis 


using 


fl 


Ptn,w(r) = e- 7T(n+n,) E ( n ^ r ) 1/2 V2 (l - e- 2lT Yptn,n'(T = 0). 


(32) 


It should be noted that all the density matrix elements Pt n ri(. T ) except those corresponds to 
n = n' = 0, decay exponentially to zero. In the long time limit (i. e. r —» 00) only the vacuum 
state will survive under amplitude decoherence, that is 


p t {r -> 00) = |0) (0| . 


(33) 


Using Eq. (1321), we calculate the matrix elements pt nn '( T ) f° r the different initial states, ^(O)), 
considered earlier as follows: 

(a) For the initial coherent state and m-photon-added coherent state, 


Ptn, 


p -\a\ 2 -^r(n+n') °° Ao _l r \ V 2 / r / i r \ V 2 

Ar)= ^~ . ,^ E("r ( r ) 

m!L m I ■- \oi\ j r=0 v / V 2 


x a n+r m Q,* n+r m A n + + r ) ! c -i y t[(n+r)(n+r-l)-(n / +r)(n / +T--l)l 

(n + r — m )! (n ; + r — m )! 

(m = 0 corresponds to the initial coherent state). 

(b) For the initial even and odd coherent states, 


(34) 


Pt 


i,n'( r )= E“« rr) ,/ 2 r'r) 1/2 (i - ^ ir ) 


\J (n+r)! (n'+r)! 


x g—*X t[(n+r)(n+i 1) — (n'+r)(n'+r—1)] 5 


n -\-r — h 
2 


] ( n /+ r _ fe ). 


( 35 ) 
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Optical tomograms of the initial m-photon-added coherent states and even and odd coherent states 
can be obtained using the Eqs. (1341) and (l35lh respectively in Eq. (1291) . In the following, we analyse 
the amplitude damping of the state at 2-sub-packet fractional revival time for different initial 
states. Figure (j4j) shows the optical tomograms of the state in the presence of amplitude damping 
at different times yr (scaled time) for initial (a) coherent state (m — 0), (b) 1-photon-added 
coherent state, and (c) even coherent state. The structures with sinusoidal strands are not lost 
when the interaction of the state with the environment is for a short duration of time (for example, 
when yr = 0.1). The sinusoidal strands come close together and get distorted with increase in time 
yr, and they merge together for large yr. Figures 0](a) and (b) shows merging of two sinusoidal 
strands for initial coherent state and 1-photon-added coherent state, respectively. Plots in Fig. 
®(c) shows merging of four sinusoidal strands for initial even coherent state. The merging of the 
sinusoidal strands with increase in time yr is due to the decay of amplitude of the quantum state 
due to photon absorption by the environment. All the initial states considered above decay to the 
vacuum state in the long time limit, i. e. when yr -> oo, and the corresponding optical tomogram 
is given by 

uj (X< 9 , 0, t\ r —>> oo) — e~ x ° . (36) 

v 7T 

The above optical tomogram c o (. Xq , 0, r —)> oo) is a structure with single straight strand in X$ — 9 
plane and the last column of the Fig. 0] confirms it. Another important fact is that, the oscillations 
in the optical tomogram at interference regions of the sinusoidal strands decreases with increase 
in decoherence time yr, which can be observed in the Fig. 01 We repeated the analysis described 
above for the states at the instants of higher oder fractional revivals and found similar results. 


B. Phase damping model 


In the phase damping model, the interaction between the system 
and the environment modes ej can be modelled by the Hamiltonian 


(represented by the mode a) 


53[| 


Hph — E Uk (^Ae^ + A^e^j , (37) 

3 

where A = a^a and k is the coupling constant. In this case, the interaction with environment 
causes no loss of energy of the system but the information about the relative phase of the energy 
eigenstates are lost. The Markovian dynamics of the state p t is described by the zero temperature 
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(i) 7 r = 0.01 

2n . . 0.8 2 * 
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FIG. 4. Optical tomograms of the states at 2-sub-packet fractional revival time in the presence of amplitude 
damping for initial (a) coherent state with \a\ 2 = 20, (b) 1-photon-added coherent state with \a\ 2 = 5, (c) 
even coherent state with \a\ 2 = 20 at (i) 7 r = 0.01, (ii) 7 T = 0.1, (iii) 7 r = 1.0 and (iv) 7 r 00 . 


master equation 


^ = k ( 2 \A Pt rf - Ap t - p t ^A) . 

The matrix elements of pt for an arbitrary initial state pt(r = 0) is given by 


53] 


(38) 


Ptn.n' 6Xp 


—k (n — n 7 ) 2 r pt n ^{j = 0). 


(39) 


Here, the diagonal matrix elements do not decay due to phase damping. Using Eq. (|39l) we calculate 
matrix elements of pt{j) in the presence of phase damping for different initial states as follows: 

(a) For the initial coherent state and m-photon-added coherent states, 


Pt, 


(n—n , )KT e3 — \a \ 2 ~,n—m „*n'—m / i /i 
_ e e a a V n ' n '-ixt\n(n-l)-n'(n'-l)] 

i,n'\ T ) — / 2 \ 6 

ml L m ( — \a\ ) {n — m)\ (in' — m)\ 


(40) 


(m = 0 corresponds to initial coherent state). 

(b) For the initial even and odd coherent states, 


Ptn,n' ( /7_ ) 


a i\t2 0 —(n—n') 2 KT— \oi \ 2 

47 V /i e 1 1 Ol « i ^nin-D-n'in'-l)} x x 

-e ALV ; v ;J 0 UZ-fc-l nZ-fc. 


Vnl n'\ 


(41) 
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Substituting Eqs. <@QD and (l4Th in Eq. (|29l) gives the optical tomogram of the time evolved state 
\ip(t)) under phase damping for initial m-photon-added coherent state, and even and odd coherent 
states, respectively. In the following, we consider the phase damping of the state at 2-sub-packet 
fractional revival time for different initial states. Figure [5] shows the optical tomograms of the 
state in the presence of phase damping at different times kt (scaled time) for initial (a) coherent 
state (m — 0), (b) 1-photon-added coherent state, and (c) even coherent state. In contrast to 
the amplitude damping, the phase damping shows a faster decay of the sinusoidal strands in the 
optical tomogram of the states. The sinusoidal strands in the optical tomogram of the state retains 
its structure only for a short time kt. The faster decay of the state is very noticeable in the case 
of an initial even coherent state, and this aspect is displayed in Fig. [5](c). In the long time limit 
pt(r —> oo), the optical tomograms uo (Xq, 9, £; r oo) of different initial states are: 

(a) For initial coherent state and m-photon-added coherent states, 


(jJ ( Xq , 0, t] T —>> OO) 


e -x, 2 -H 2 



E 

n=m 


a |2(n—m) ff2^ Xe ) 

2 n [(n - m)!] 2 


(42) 


(m = 0 corresponds to initial coherent state), 
(b) For even and odd coherent states, 


uj (X$, 9, t] r —y oo) 


4 W2 c -x, 2 -|a| 2 


(X) 


E 

71—0 


q| 2n H^Xe) 

2 n ( n !) 2 



n — h . 
2 


(43) 


Both the above tomograms are independent of the phase 0, and it is displayed in the last column 
of the Fig. [5l We have repeated the above analysis for higher order fractional revivals and found 
similar results. Optical tomogram of the states, in the long time scales, shows completely different 
structure for amplitude damping and phase damping models of the decoherence. This can be used 
to understand the type of interaction the system is having with its environment. 


V. CONCLUSION 

We have studied the optical tomography of different kinds of wave packets evolving in a Kerr 
medium. Exact analytical expression for the optical tomogram of the quantum states at any instant 
during the evolution of a generic initial wave packet is derived in terms of Hermite polynomials. 
Time evolution of the optical tomogram is analysed for three specific initial states: a coherent 
state, an m-photon-added coherent state, and even and odd coherent states. We have shown 
that the signatures of revival and fractional revivals are captured in the optical tomograms of 
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FIG. 5. Optical tomograms of the states at 2-sub-packet fractional revival time in the presence of phase 
damping for initial (a) coherent state with \a\ 2 = 20, (b) 1-photon-added coherent state with \a\ 2 = 5, (c) 
even coherent state with \a\ 2 = 20, at (i) kt = 0.01, (ii) kt = 0.1, (iii) kt = 0.3 and (ii) kt —oo. 


the quantum states. The optical tomogram of the time evolved state at the instants of fractional 
revivals shows structures with sinusoidal strands. In general, the number of sinusoidal strands 
in the optical tomogram of the time evolved state at /-sub-packet fractional revivals are l times 
the number of sinusoidal strands present in the optical tomogram of the initial state considered. 
There are no sinusoidal strands present when the initial state is collapsed during the evolution. 
Interactions of the system with its environment are inevitable in an real experimental settings, 
and we found the manifestations of decoherence directly in the optical tomogram. The results 
obtained in this paper may be very useful for the experimental characterisation of revivals and 
fractional revivals because of the following reasons: (1) We have shown the signatures of fractional 
revivals directly in the optical tomogram of the states. There is no need to reconstruct the density 
matrix or the quasiprobability distribution from the experimentally obtained optical tomogram to 
study fractional revivals, so that no need to concern about the error that can accumulate during 
the reconstruction process. (2) The analytical results obtained can be used to verify and compare 
the optical tomogram generated in an homodyne measurement. (3) The theoretical results on 
decoherence can be used to find out how much the decoherence models really capture the effects 
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of environmental interactions in an actual experimental settings. 
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